ABSTRACT. In this small note, we will characterize the boundedness, compactness and closedness of the range of the multiplication operators on LorentzKaramata-Bochner spaces L p,q;b (Ω, X) for p, q ∈ (0, ∞].
Introduction
Throughout the paper (Ω, A, µ) will stand for a σ-finite measure space. For any two non-negative expressions (i.e. functions or functionals), A and B, the symbol A B means that A ≤ cB, for some positive constant c independent of the variables in the expressions A and B. If A B and B A, we write A ≈ B and say that A and B are equivalent. Certain well-known terms such as Banach function space, rearrangement invariant Banach function space, associate space, absolutely continuous norm, etc. will be used frequently in the sequel without their definitions. However, the reader may be found their definitions e.g., in [5, 7] .
Ò Ø ÓÒ 1º A positive and Lebesgue measurable function b is said to be slowly varying (s.v.) on (0, ∞) in the sense of Karamata if, for each ε > 0, t ε b (t) is equivalent to a non-decreasing function and t −ε b (t) is equivalent to a non-increasing function on (0, ∞).
The detailed study of Karamata Theory, properties and examples of slowly varying functions can be found in [5, 13, 14] and [17, Chap. V]. Given a s.v. function b on (0, ∞), we denote by γ b the positive function defined by
It is known that any slowly varying function b on (0, ∞) is equivalent to a slowly varying continuous function b on (0, ∞). Consequently, without loss of generality, we assume that all slowly varying functions in question are continuous functions in (0, ∞) [14] . We shall need the following property of s.v. functions, for which we refer to [13 
for all t > 0.
Let f be a complex-valued measurable function defined on Ω. Then the nonnegative rearrangement of f is given by
where we assume that inf φ = ∞. Also the average(maximal) function of f on (0, ∞) is given by
Note that f * (·) and f * * (·) are nonincreasing and right continuous functions.
Ò Ø ÓÒ 2º Let p, q ∈ (0, ∞] and let b be a slowly varying function on (0, ∞).
is defined to be the set of all measurable functions such that
is finite. Here · q;(0,∞) stands for the usual L q (quasi-) norm over the interval (0, ∞).
The Lorentz, Lorentz-Zygmund and generalised Lorentz-Zygmund spaces are all special cases of these spaces, obtained by making particular choices of the slowly varying function b. It is known that the LK spaces endowed with a convenient norm (1.5), is a rearrangment-invariant Banach function spaces with upper and lower Boyd indices both equal to Let X be a Banach space and for a strongly measurable function f : Ω → X define a function f as
for all w ∈ Ω.
Then the Lorentz-Karamata-Bochner space L p,q;b (Ω, X), is a rearrangement invariant-Bochner space for p, q ∈ (0, ∞] where the norm is defined by
The Lorentz-Karamata-Bochner space L p,q;b (Ω, X) is a Banach space and we still have the density of simple functions in it and its dual is
where X * has the Radon-Nikodym property, 1 < p < ∞ and 1 ≤ q < ∞.
For a strongly measurable function u : Ω → B (X), the class of all bounded operators on Banach space X, the multiplication transformation
where L (Ω, X) is the space of all strongly measurable functions. These transformations are studied on various spaces by many researchers in ( [2, 3, 4, 8, 10] and [16] ), in particular on L p space in ( [8, 16] ), on Orlicz space in ( [10] ), on Lorentz space in ( [2] and [3] ) and on Lorentz-Bochner space in ( [4] ). It is natural to extend the study to more general class. For the detail of these spaces one can refer to ( [5, 7, 8] and [17] ) and the references therein.
Characterizations
In this section, the multiplication operators with some of its properties like invertibility, range and compactness are discussed. Let u be a strongly measurable operator valued map on Ω. Then the boundedness, invertibility and compactness of the multiplication operator M u induced by u is characterized in terms of u.
is bounded if and only if u ∈ L ∞ (Ω, B (X)).
For the nonnegative rearrangement of M u f , one can find the distribution func-
Hence for each t ≥ 0, by (2.1) we get
Also, we write that
Conversely, let us assume that u / ∈ L ∞ (Ω, B (X)) whereas M u is bounded. Then, we can find a sequence (E n i ) of disjoint measurable subsets with finite measure such that n 1 = 1, n i → ∞ as i → ∞ and 
Then C x * (t) = x χ [0,µ(Ω)] (t) and
for all x ∈ X and for all w ∈ Ω. This implies u(w) is invertible for all w ∈ Ω. Also for each x ∈ X and w ∈ Ω, we get
then it is easy to see that all operators M u n 's are compact. Also, for each f ∈ L p,q;b (Ω, X) and for all s ≥ 0, we have w ∈ Ω : (u n − u) (w) (f (w)) ≥ s ⊆ w ∈ Ω : (f (w)) ≥ ns and so 
